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Abstract: So far, we have considered a variety of measures for serial dependence and
have focused on their probabilistic properties. How these measures can be consistently
estimated has not been considered. We will introduce some popular nonparametric
methods (particularly the kernel smoothing method) to estimate functions of interest,
such as probability density functions, autoregression functions, power spectral density
functions, and generalized spectral density functions. Empirical applications of these
functions crucially depend on the consistent estimation of these functions. We will dis-
cuss the large sample statistical properties of kernel-based estimators in various contexts.
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Questions: Suppose {X;} is a strictly stationary process with marginal probability
density function g(x) and pairwise joint probability density function f;(z,y). Suppose a
random sample { X;}_ | of size T is available.

e How to estimate the marginal pdf g(x) of {X;}?
e How to estimate the pairwise joint pdf f;(x,y) of (X, X;—;)?

e How to estimate the autoregression function r;(z) = E(X;|X,—; = z)?
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e How to estimate the power spectrum h(w) of {X;}?
e How to estimate the generalized spectral density f(w,u,v) of {X;}?
e How to estimate the bispectral density b(wq,ws)?

e How to estimate a nonparametric nonlinear autoregressive conditional heteroskedas-
tic process

Xt = ,U/(Xt—la ceey Xt—p) + U<Xt—17 cees Xt—q)€t7 {5t} ~ Zld(o, 1)7

where u(-) and o(-) are unknown functions. Under certain regularity conditions,
u(+) is the conditional mean of X; given I;_; = {X; 1, X; o,...} and o?(+) is the
conditional variance of X, given I; ;.

e How to estimate a seminonparametric functional coefficient autoregressive process

p
X =Y aj(Xpa)Xij+e,  E(Ella)=0as,

J=1

where o;(+) is unknown, and d > 0 is a time lag parameter?

e How to estimate a nonparametric additive autoregressive process

p
Xt = Z/Lj<Xt_j) + &y, E<€t’]t—1) =0 a.sS.,

J=1

where the y,(-) are unknown?

e How to use these estimators in economic and financial applications?

Remark: Nonparametric smoothing first arose from spectral density estimation in time
series. In a discussion of the seminal paper by Bartlett (1946), Henry E. Daniels sug-
gested that a possible improvement on spectral density estimation could be made by
smoothing the periodogram. The theory and techniques were then systematically de-
veloped by Bartlett (1948,1950). Thus, smoothing techniques were already prominently
featured in time series analysis more than half a century ago.

Remark: In the earlier stage of nonlinear time series analysis, focus was on various
nonlinear parametric forms. Recent interest has been mainly in nonparametric curve
estimation, which does not require the knowledge of the functional form beyond certain
smoothness conditions on the underlying function.

Question: Why is the nonparametric method popular in statistics and econometrics?
Answer:
(i) Demands for nonlinear approaches;



(ii) Availability of large data sets;
(iii) Advance in computer technology.

Granger (1999): The speed in computing technology increases much faster than the

speed at which data grows.

1 Motivation

To get basic ideas about nonparametric smoothing methods, we first consider two ex-
amples, one is for estimation of the regression function, and the other is for estimation
of the probability density function.

Motivating example 1 [regression function]
For simplicity, we consider r(z) = E(X;|X;—1 = z). We write
Xy =r1(Xi1) + &
where E(g;|X;_1) = 0 a.s. by construction. We assume F(X?) < co.

Suppose a sequence of bases {1,(x)} constitutes a complete orthonormal basis for
the space of square-integrable functions. Then we can always decompose

o0
ri(z) =Y a,(x),
=0
where the Fourier coefficient

0= [ na)(e)ds,

which is the projection of 7;(x) on the base function ;(z).

Example 1: Suppose 71(z) = 2? where x € [—7, 7]. Then

w2 cos(2z)  cos(3x)
r(x) = T 4 (cos(x) ~ + TP >
— % _4;(_1)3‘—1%.

Example 2: Suppose
-1 if —7r<2x<0,
ri(x) = 0 ifz=0,
1 if0o<zx<m.



Then

4 3 in(5
ri(z) = = (sm sm (32) + sm(5 z) + - )

B 4§:sin 2j + 1)x]

T (27 4+ 1)

Jj=

Because () is square-integrable, we have

[ @i - % oy vt

]OkO

= Z Z a0,k by orthonormality

j=0 k=0
o0
= E a? < 0o
yi )
=0

where d;, = 1if j = k and 0 otherwise.

Remark: a; — 0 as j — 0o. That is, o; becomes less important as the order j grows
to infinity.

This suggests that a truncated sum

rip(x) = Z%’%(x)

can approximate 71 (z) arbitrarily well if p is sufficiently large. The approximation error,
or the bias,

bp(z) = 7m1(w) —711p(7)
Z aj¢j(w)

— 0

as p — 00.

Difficulty: However, the coefficient «; is unknown.

To obtain a feasible estimator for 71 (x), we consider the following sequence of regres-
sion models

= Z B (Xi-1) + ep,
j=0



where p = p(T') is the number of series terms that depends on the sample size T. We
need p/T goes to 0. Note that ¢, is not the same as the true error ¢; for each given p.
Instead, it contains the true error ¢; and the bias b,(X}).

The ordinary least squares estimator

B = WX

T
= (Z wtw;) > X,
t=2 t=2

where W = (i), ...,1%) is a T x p matrix, and t, = [to(Xi 1), 1 (Xi 1), s 0, (Xe 1))
is a p x 1 vector. The series-based regression estimator

T1p(z) = Z Bﬂ/’j (z).

To ensure that 71,(z) is asymptotically unbiased, we must let p = p(T") — oo as T — oo
(e.g., p = VT ). However, if p is too large, the number of estimated parameters will
be too large, and as a consequence, the sampling variation of B will be large (i.e., the
estimator 3 is imprecise.) We must choose an appropriate p = P(T') so as to balance
the bias and the sampling variation.

Remark: {1;(-)} can be the Fourier series, i.e., the sin and cosine functions. See (e.g.)
Andrews (1991, Econometrica), Hong and White (1995, Econometrica).

Motivating Example 2 [Probability Density Function|: Suppose the pdf g(z) of
X, is a smooth function. We can expand

o(w) = 6(x) 3 5, Hy(),

where ¢(z) = (2m) /2 exp(—12?) is the N(0,1) density, and {H;(z)} is the sequence of
Hermite polynomials, defined as

(192 0(x) = —Hy 1 (2)6(e) for > 0.

where ®(-) is the N(0,1) CDF. For example,

Ho(z) = 1,

Hi(x) = u,

Hy(z) = (2 —1)
Hi(z) = x(z*-3),
Hy(z) = ax*—62°+3.

See, for example, Magnus, Oberhettinger and Soni (1966, Section 5.6) and Abramowitz
and Stegun (1972, Ch.22).



Here, the Fourier coefficient

5= [ s @ole)is

Again, 8; — 0 as j — oo given > 2 5? < 00.

Remark: The N(0,1) pdf ¢(z) is the leading term to approximate the unknown density
g(z), and the Hermite polynomial series will capture departures from normality (e.g.,
skewness and heavy tails).

To estimate g(x), we can consider the sequence of truncated densities

gp(l’) = O_l(p)¢<x) ZB;’HJ'(ZE):

where the constant

cw =35 / H, (2)(x)dx

is a normalization factor to ensure that g, () is a pdf for each p. The unknown parameters
{8;} can be estimated from the sample {X;}{_, via the maximum likelihood estimation
(MLE) method. Suppose {X;} is an i.i.d. sample. Then

T
B = arg max Z log §,(X¢)

t=1

To ensure that §,(z) = C (p)gé(x)E?:OB ;Hj(r) is asymptotically unbiased, we must let
p=p(T) — oo as T — oo. However, p must grow slowly so that the sampling variation
of B will not be too large.

Remark: For the use of Hermite Polynomial series expansions, see (e.g.) Gallant and
Tauchen (1996, Econometric Theory) and Ait-Sahalia (2002, Econometrica).

Question: What is the advantage of nonparametric estimation methods?

They require few assumptions or restrictions on the data generating process. In par-
ticularly, they do not assume a specific functional form for the function of interest (of
course certain smoothness condition such as differentiability is required). They can de-
liver a consistent estimator for the unknown function, no matter it is linear or nonlinear.
Thus, nonparametric methods can reduce potential systematic biases which are more
likely to encounter in parametric models.

Question: What is the disadvantage of nonparametric methods?

(i) They require a large data set for reasonable estimation. There exists a problem
of “curse of dimensionality”, which will be explained below.
(i) Coefficients are usually difficult to interpret from an economic point of view;
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(iii) There exists a danger of potential overfitting.

Remark: The two motivating examples are the so-called orthogonal series expansion
methods. There are many other nonparametric methods, such as kernel methods and
local polynomials methods. Series expansion methods are called global smoothing
methods, because the coefficients are estimated using all observations, and they are
then used to evaluate the value of the underlying function at each point. In contrast,
kernel and local polynomial methods are called local smoothing methods, because
the estimation only requires the observations in a neighborhood of the point of interest.
Below we will mainly focus on kernel smoothing methods, due to its simplicity and
intuitive nature.

Remark: A nonparametric model is an increasing sequence of parametric models, as
the sample size T' grows.

2 Kernel Density Method

2.1 Kernel estimation of g(z)

Basic Question: How to estimate the marginal pdf g(z) of X;?

Parametric Approach: Suppose {X,} is a time series process with the same
marginal density function g(x). Assume that g(z) is a N(u,0?) pdf with unknown u
and o2. Then we know the functional form of g(x) up to two unknown parameters

0= (0% :

1 1
g(x|f) = Wexp {—r‘z(az — ,u)Q] , —00 < T < 0.

To estimate g(x|6), it suffices to estimate p and o?. We can use the maximum likelihood
estimation (MLE) method:

T
&' = TN (X )

Remark: T(0 — 6y) = Op(1), or 6 — 0y = Op(T~/?), where § = (j1,62) and 6, =
(g, 03)" is the true parameter.

Question: What is the definition of Op(d7)?

Definition [Convergence in probability]: Let {ér,7 > 1} be a sequence of positive
numbers. A random variable Y7 is said to be of order d; in probability, written Y, =
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Op(07), if the sequence {Yr/dr, T > 1} is tight, that is, if

)\lim lim sup P (|Yr/dr| > \) = 0.

T—o00

Tightness is usually indicated by writing Y7 /07 = Op(1).
Question: What is the advantage of the parametric approach?

By the mean-value theorem, we obtain

~

9(z|0) —g(x) = g(x]60) — g(x)
9 .
+250(210)(0 — )
= approximation error (bias)
+ sampling error
1 0 - 5
= 0+0p(T1%)
= Op(T_1/2).

Question: What happens if the Gaussianity assumption fail? That is, what happens if
g(x]0) # g(x) for all 67

Answer: g(z|f) will not be consistent for g(z) because the bias g(z|0) — g(x) never
vanishes, where § = plim 6.

Nonparametric Kernel Approach:

Basic idea of local smoothing: The purpose of nonparametric probability density
estimation is to construct an estimate of a probability density function without imposing
structural assumptions. Typically the only conditions imposed on the probability density
function are that it has at least two bounded derivatives. In this circumstance we may
use only local information about the value of the density at any given point. That is,
the value of the density of a point x must be calculated from data values that lie in
the neighborhood of z, and to ensure consistency the neighborhood must shrink as the
sample size increases. In the case of kernel-type density estimation, the radius of the
effective neighborhood is roughly equal to the “bandwidth” or the smoothing parameter
of the estimator. Under the assumption that the density is univariate with at least two
bounded derivatives, and using a nonnegative kernel function, the size of bandwidth
that optimizes the performance of the estimator in the mean squared error criterion
is 7-1/5. The number of “parameters” needed to model the unknown density within a
given interval is approximately equal to the number of bandwidths that can be fitted
into that interval, and so is roughly of size T"/°. Thus, nonparametric density estimation
involves the adaptive fitting of approximately 7"'/% parameters, this number growing with
increasing n.



There are two basic instruments in kernel estimation: the kernel function K(-) and
the bandwidth h. The former gives weighting to the observations in an interval contain-
ing the point x, and the latter controls the size of the interval containing observations.

2.1.1 Kernel Function

Kernel Function K(-) : A positive kernel function K(-) is a pre-specified symmetric
pdf such that (i) [7° K (u)du =1, (ii) [*2 K(u)udu =0, (iii) [ u*K(u)du = Cj < o0,
(iv) [0 K?*(u)du = Dy,

Remarks:

(i) K(-) is a weighting function that will “discount” the observations whose values
are more away from the point z that we are interested in.

(ii) The kernels satisfying the above condition are called a second order kernel or
positive kernel. More generally, we can define a g-th order kernel K(-), where ¢ > 2 :
K(-) satisfies the conditions that [ K(u)du = 1, [w/K(u)du = 0 for 1 < j < ¢ —1,
JuwiK (u)du < 0o and [ K?(u)du < co. For a higher order kernel (¢ > 2), K (-) will take
some negative values at some points. (Question: Why is a higher order kernel useful?
Can you give an example of a third order kernel?)

Examples of second order kernel K (-):

Uniform kernel

Gaussian kernel

K(u) = exp(—=u?), —00 < u < 00.

Epanechnikov Kernel
K(u) = 2(1 —u?)1(|u| < 1).

Quatic kernel

K(z) = 1—2(1 —u?)?1(|u| < 1).

2.1.2 Consistency of the Kernel Density Estimator for g(x)

Question: How does the kernel method work?



Given a pre-chosen kernel K(u), we can define a kernel density estimator for g(z)
using {X,}2, :

Q(LC) = Til Kh(l'—Xt)

E

t
T
1 1 I'—Xt
B TZEK< h )
t=1
1 [ =y A
= — K dF
h/_w (h> (¥),

where K, (u) = h™'K(u/h), h > 0 is called a bandwidth or a window size, and F(y) =
T-1%T 1(X; <t) is the empirical distribution function.

1

Example 1 [Histogram]: If K(u) = ;1(Ju| < 1), then

1
2

T
1

. _ b _ <

g(x) ShT tgl 1(lz — X¢| < h)

= the relative sample frequency of the observations
on the interval [z — h,x + h].

Remark: 2h7T is approximately the sample size of the interval [x — h, x + h].
Question: Under what conditions will §(z) be consistent for g(z)?

Assumption: (i) {X;} is a strictly stationary process with marginal pdf g(z). (ii) g(z)
has a support on [a, b] and is continuously twice differentiable on [a, b], with ¢”(-) being
Lipschitz-continuous in the sense that |¢" (1) — ¢"(x2)| < Clzy — 29| for all xq, 25 € [a, D]
and C' < oo.

Question: How to define the derivatives at the boundary points?

Remark: By convention, the derivatives of ¢(-) at points a and b are

Ja@) = lm gla+z) —g(a)
J0) = lim g(b+ ) — g(b)

Similarly for ¢”(a) and ¢”(b).
For convenience, we further assume:

Assumption: K(u) has a bounded support on [—1,1].
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This is not necessary, but it simplifies the asymptotic analysis below. Now we de-
compose

9(x) —g(x) = [Eg(z) —g(x)] + [9(x) — Eg(x)]
= bias + sampling error.

The first term is the bias, which is nonstochastic.

For any x in the interior region [a + h,b — h] of the support [a, b] of X, we have

Eg(z) — g(x)
= 2 ER(r - X) - o(a)

= EKj(x— X;)— g(z) (by identical distribution)
= [ () sty — ot

(b—z)/h y—x
= / K(u)g(z + hu)du — g(x) (by change of variable = u)
(a—z)/h

1
= [ K)o+ huydu - g(z)

— @) / K(wdu— (o)
+hg'(x) /_1 uK (u)du

1 1
+§h2/ WK (u)g" (x + Mhu)du

1
(by a 2nd order Taylor expansion, where A € (0,1))
1

1 1
= SHCkd (@) + I / 1" (2 + M) — ¢ ()] K (u)du
—1

= %h2CKg”(x) + o(h?)

where the second term

/ [¢" (x 4+ Mhu) — ¢" (2)]u K (w)du — 0

1

as h — 0 by Lebesgue’s dominated convergence theorem, and the boundedness of ¢”(-)
and [ w?K(u)du < co.

Remarks:

(i) For z in the interior region [a + h,b — h], the bias of §(z) is proportional to h%.
Thus, we must let h — 0 as T' — oo in order to have the bias vanish to zero as T' — oc.
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(ii) The above result for the bias is obtained under the identical distribution assump-
tion. It is irrelevant to whether {X,} is i.i.d. or serially dependent. In other words, it is
robust to serial dependence in {X;}.

(iii) Question: What happens if z is outside the interior region [a + h,b — h|?

Suppose z = a + Ah € [a,a + h), where A € [0,1). Then

Eg(z) —g(x) = EK,(z—X;)—g()
(by identical distribution)

— %/abK(mg?J) 9(y)dy — g(x)

(b—2)/h
= /( K(u)g(x + hu)du — g(x)

a—z)/h

(by change of variable . —r u)

= / K(u)g(x + hu)du — g(x)

— @) / K (u)du = o)

1
—I—h/ uK(u)g' (z + Thu)du
-A

(by the mean-value theorem, where 7 lies in (0, 1))

~ o) V_i K (u)dz — 1] +O(h).

= 0(1)
if g(x) > e > 0 for all z € [a, b] for any small but fixed constant e.

Boundary problem of kernel estimators: If = € [a,a + h) or (b — h,b], Eg(z) — g(z)
never vanishes to zero even if h — oo. This is due to the fact that there is no symmetric
coverage of data in the boundary region [a,a + h).

Question: What is the solution?

e Trimming:
Do not use estimates §(x) when z is in the boundary regions. That is, only estimate
the density for points in the interior region [a + h,b — h].

Remark: Valuable information may be lost because g(z) in the boundary regions
contain the information on the tail distribution of {X;}, which is particularly
important to financial economists and welfare economics (e.g., the low income
population).
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e Using a boundary kernel:
To modify the kernel K[(z — X;)/h| such that it becomes location-dependent.
A simple method (Hong and Li 2005):

T
. 1
0(0) = 7 3 Kilo, )

where
WK (52 S o B (w)du, if z€[0,h),
Kp(z,y) =49 h'K (%Y), if zelh,1-h],
WK (22 /U7 K (u)du, if ze(1-h,1]

and K(-) is a standard kernel. The idea is to modify the kernel function in the
boundary region so that the integral of the kernel function is unity. Then the bias
is O(h?) for all x € [a+ h,b— h] and is O(h) for = € [a,a + h) and (b — h,b]. The
advantage of this method is that it is very simple and always gives positive density
estimates. The drawback is that the bias at the boundary region can be as slow
as O(h), which is slower than O(h?) in the interior region.

Another method: The Jackknife kernel: For x in the interior region [a+h, b—h],
use the standard kernel K (-). For z in the boundary regions [a,a+h) and (b— h, b],
use the following jackknife kernel
K(u) K(u/a)
~(rfa) D
WK(0> 5) WK(0> 5/0[)

where wi(l,€) = f_lgulK(u)du for | = 0,1, 7 = r(¢) and o = «(§) depend on
¢ €10,1]. When x € [a,a + h), we have £ = (x — a)/h; when = € (b — h,b], we
have £ = (b — z)/h. In both cases, we set
wi (1, €)/wk(0,§)
awg (1,§/a)/wk(0,§/a) — wk(1,b) /wk(0,§)
As suggested in Rice (1986), we set a = 2 — &. Given ¢ € [0, 1], the support of
K¢(+) is [—a, . Consequently, for any £ € [0, 1],

Ke(u) = (1+7)

T =

™ Ke(u)du = ) Ke(u)du =1,
aga 70[504
/ uKe(u)du = — Ke¢(u)du = 0,
ob .
/ W Ke(u)du = / u? Ke(u)du > 0,
b P
/a Kg(u)du = y Kg(u)du > 0.

The bias is O(h?) for all z € [a, b].

Remark: The jackknife kernel formula in Hirdle (1990, Section 4.4) is incorrect.
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e The Reflection method:

The reflection method is to construct the kernel density estimate based on the
“reflected” data {—X;}_, and the original data {X;}1, with support on [0, 1].
Suppose x is a boundary point in [0,h) and x > 0. Then the reflection method
gives an estimator

§() = 5 D il = X0+ o D7 Kol = (X))

Note that with K(-) having support on [—1, 1], when z is away from the boundary,
the second term will be zero. Hence, it only corrects the estimate in the boundary
region. See Schuster (1985, Communications in Statistics: Theory and Methods)
and Hall and Wehrly (1991, Journal of American Statistical Association).

Question: What is the correct formula for the kernel density estimator when the
support of X is [a, b]?

Answer:

1 & 1 &

§(w) = 7 D0 Kl = X0+ 5 D Kafo = (— (X, — )]

t=1 t=1

e Transformation: Y; = ¢(X;), where ¢(-) is a given monotonic increasing function
ranging from —oo to co. Then

where gy (+) is the kernel density estimator for Y; based on {Y;}_; which has infinite
support.

Question: Is there any free lunch?

e Local polynomial fitting
This will be described later.

Question: We have deal with the bias of §(x). What is the variance of §(z)?
For the time being, in order to simplify the analysis, we assume:
Assumption: {X;} isi.i.d.
Remark: This assumption simplies our analysis of computing the asymptotic variance

of g(z). Later, we can relax the independence assumption for {X;} such that {X;} is a
so-called a-mixing process. This will not change the asymptotic results for §(z).

Question: What is the a-mixing condition?
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Put Z; = K(x — X;) — EKj(z — X;). Then the variance

E[j(x) — E§(2)]* =

T 2
E <T1 > Zt>
t=1
T
T2 Z var(Z;)
t=1

T_lvz;r(Zt)
T [E[K} (x — X,)] - [EEy(z — X))

et [ () sty
-7 [% /abK (x - y> g(y)dy]2

T~'h~tg(x) /_1 K*(u)dull +o(1)] +O(T™)

T 'htg(x)Dy +o(T'h71),

where the last second equality follows by change of variable = = .

h

Remark: The variance of §(z) is proportional to T-'h~!, which is the approximate
sample size for the observations in the interval [z — h,z + h|. It follows that the mean
squared error (MSE) of §(z) is given by:

MSE[§(x), g(x)]

= E[j(x) — g(2))”
= var[§(z)] + Bias®[§(z), g(z)]
= (Th)'g(z)Dxk

1
+ g @) O + o(T 0 + b

= O(T'h~' +h%).

By Chebyshev’s inequality, for any z in the interior region [a + h,b — h|, we have

§(z) — g(z) = Op(T~YV2h 12 £ n?).

Remarks:

(i) For g(z) —? g(x), we need Th — oco,h — 0, as T — 0.

(ii) It is always consistent for g(x) but at a slower rate than 7-/2. This means that
a large sample is needed to obtain a reasonable estimate for g(x).

(iii) Moreover, the bias depends on the smoothness of the unknown function g(-). If
the second derivative has a sharp spike at the point x, then it is very difficult to obtain
a good estimate ¢(-) at the point .
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Remark: Relative MSE:

MSE[j(x)/g(x). g(x)] = E[%]

11 Ly [9"@)]
= T hyg (x)DK—I—Zh ; Ck

+o(T™'h™ + h')
= O(T'h™ +h%

if g(z) > 0.

Remark: It is very difficult to obtain a reasonable estimate of g(z) in the sparse area
where relatively few observations are available, or in the area where g(-) changes dra-
matically.

2.1.3 Optimal Choice of the Bandwidth

Remark: The choice of the optimal bandwidth can be obtained by minimizing M SE[§(z), g(z)] :
1
. Dy 1/g(x) ® 1/5
0= SR 5| 1777
Ck l9"(x)/g(x)]

The less smooth g(z) is or the more sparse the observations are, the smaller the band-
width hg. This gives the optimal convergence rate for g(z) :

j(x) = g(z) = O,(T ).

Remark: The optimal bandwidth is unknown, because it depends on the unknown g(x)
and its second order derivative that we are interested in!

Question: How to obtain this optimal rate in practice?

Plug-in method: Obtain some initial preliminary estimators, say g(z) and §”(z) for
g(x) and ¢”(x) and then plug them into the above formula. With such a data-dependent
bandwidth, we obtain a new kernel estimator which has better statistical properties than
an arbitrary choice of h.

Remark: Even if §(x) and §”(z) are not consistent for g(x) and ¢”(z), then g(x) is still
consistent for g(z) but not optimal.
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2.1.4 Optimal Choice of the Kernel Function

Using the calculus of variation, it can be shown, as does in Epanechnikov (1969, Theory
of Probability and Its Applications) that the optimal kernel that minimizes the MSE
over a class of kernel functions is the so-called Epanechnikov kernel:

§(1 —u?)1(ju| < 1).

K(u) =1

Remark: The choice of h is more important than the choice of K (u). See also Priestley
(1962).

Question: What happens if { X;} is serially dependent. Suppose {X;} is an a-mixing
process.

Answer: Under suitable conditions on a(j), for exampple, a(j) < Cj~* for § > 2
we have the same MSE for §(x) as we have when {X,} is i.i.d.

2.2 Kernel Estimation of a Multivariate Density Function

Question: How to estimate a joint pdf f(z) of X; = (X4, Xot, ..., Xat)', where z =
(x1,T9,...,24) is a d X 1 vector?

Example 1: How to estimate the joint pdf f;(z,y) of (X, X¢—;)?

Consider the kernel estimator
A AN
fo) = 23 [ Fta
t=1 =1
T
T Kz - X),
t=1

where
Wz —X,) = H Ky (x

We first consider the bias. For an interior point x such that x; € [a; + h,b; — h] for all

17



Ef(z) - f(z)
= EKp(z—X;) — f(x)
d

— EHKh(ZL‘i—Xit)_f(x)

=1

- //%HK(;y)f( )y~ f(a)

(bi—zs)/h

_ H /( K (u) f(x + hu)du — f(x)

a;—x;)/h

(by change of variable)

-/ - f 111f[f<<u,~>f<x + hu)du - f()
e H JRECEE

+hZfZ /1 K (u;)du;
(where o) = 5 1(0))

4 h?ZZ / / () K ) iy o+ M)

11]1

— _h2CKZfzz + O h2

(Where fii(x) = ang(a:)>
= O(h?).
Remark: 3¢ | fi(x) is called the Laplace of the function f(z).

The variance of f(z)

18



’ﬂ

T 2
Y [Knle = Xy) — EK(z — Xt)]]
t=1

T
= T2 ZE (Z?) by independence
t=1

d 2
B H Ky(z; — Xu) — E [ [ Kn(a: - Xit)]
=1 =1

var(y) = B(Y?)— [B(Y)P
(by independence between X; and Xj)

d d 2
EHK;QL(x EHKh(xz‘ _Xit)]
i=1 i=1

= (ThY ™ (@)D + o(Th %),

The MSE of f(x):
MSE[f(x), f(2)]

1
= (TH) f (@)D + ORI

Z fu»(m>]

+o(T~*h™ + h*)
= O(T 'R+ n%).

Remarks:

(i) Th? is approximately the sample size for a d-dimensional subspace with each size
equal to h.

A~ 4

(ii) The optimal MSE convergence rate of f(z) to f(x) is O,(T~ %) which can be
obtained by setting
dDQ% i f(@) R
Ci [> ey fui(@)]?

Thus, the MSE convergence rate is

ho =

o MSE(f(z), f(z)) =T 5 ifd =1,
o MSE(f(z), f(z)) =T 3 if d = 2,

o MSE(f(z), f(z))=T"7 if d = 3.
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The larger dimension d, the slower convergence of f (x). This is the so-called “curse of
dimensionality”.

Question: How to deal with the curse of dimensionality?

Reduction of dimensionality

e Assumption: Multiplicability conditions such as

d

fla) = 1] gil)-

i=1
e Assumption: Suppose {X;} is a Markov process:

f(Xi| 1) = f(XXia)
f(Xt7Xt—1)
9(Xi1)

Question: What happens if {X,} is serially dependent?

Answer: As long as the serial dependence of X; on its past history is not too strong (for
example, it satisfies a so-called strong mixing condition; see White (1999, Asymptotic
Theory for Econometricians, 2nd Edition)), then the results established above continue
to hold. This follows because the covariance terms cov[Kj(z, X;), Kp(x, X;)] together
are of smaller order in magnitude than var[Kj,(x, X;)], due to the smoothing parameter.

Question: What is the a-mixing condition?

Definition [a-mixing] Let {X;} be a strictly stationary time series process. For j =
1,2, ..., define
a(j)=  sup  |[P(ANB) = P(A)P(B)],
AeF BEF®

where F/ denotes the o-algebra generated by {X;,7 <t < j}. Then the process {X,} is
said to be a-mixing if a(j) — 0 as j — oo.

Remarks:

(i) Similar to ergodicity, the a-mixing condition is a notion for asymptotic indepen-
dence. A mixing process can be viewed as a sequence of random variables for which the
past and distant future are asymptotically independent.

(ii) a-mixing implies ergodicity. See White (Asymptotic Theory for Econometricians,
1999).

(iii) There are several concepts of mixing, such as a-mixing, -mixing, and ¢-mixing.
Among them, a-mixing is the weakest condition on serial dependence; it is also called
strong mixing.

20



(iv) If {X;} is a strictly stationary Markov chain, the mixing coefficient «/(j) can be
effectively defined with (F°_, F%°) replaced by (0(Xy),o(X,,)), and in this case,

—00) J

o) <5 [ [16w0) = s@lgt)| drdy

where f;(z,y) is the joint pdf of (Xo, Xj;).
(v) Lemma [Doukhan (1994)]: Let X and Y be two real random variables. Define

a= sup |P(AN B) — P(A)P(B)|.
A€o (X),Bea(Y)

(i) Suppose E[|X|P + |X|?] < oo for some p,q > 1 and 1/p+1/q < 1. Then
[cov(X,Y)| < 8 [EIX |7 (E|X |7,

where r = (1 —1/p—1/¢)~*
(i) If P(|X| < C1)=1and P(|Y| < Cy) =1 for some constants C; and Cy, then

lcov(X,Y)| < 4aCiCs.

Theorem [Asymptotic variance of §(r) under mixing conditions]: Let {X,} be
a strictly stationary a-mixing process with the mixing coefficient a(j) < C'j~# for some
C > 0 and > 2. Assume that f;(z,y) is bounded uniformly in (z,y) and in j. Then
for z € [a, b],

var [§(2)] = T 'h'g(z)Dg + o(T*h71).

Proof: Let Z, = Kj(z, X;). Then by the stationarity of {X;}, we have

var [g(x)] = var (T‘l Z Zt>

= T 'var(Z) + 207" (1 - j/T)cov(Zo, Z)).
j=1

Note that E(Z;) = Eg(x) = O(1). By change of variable we have
var(Z,) = EK}(z,X,)— (EZ))?
= h'g(z)Dx +o(h™").
Thus, we only need to show

T-1

Zcov (Zo, Z;) = o(h™1).

7j=1
Because |Zy| < Ch™!, we have

lcov(Zo, Z;)| < 4(Ch™)2a(j)
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by Billingsley’s inequality. It follows that

T—-1 1
Z |COV(Z0’ Zj)| < 40%h 2 Z j—ﬁ < O3m(T)1—ﬂh_2
j=m(T)+1 (T 41

where m(T) — oo as T' — oc.
On the other hand,

lcov(Zo, Zj)| = |E(ZoZ;) — E(Zo)E(Z;)]
< /Kh(x,x’)Kh(y,y’)fj(flf’,y’)d:v'dy’+ [E(Z,))?
< C[/Kh(x,x’)dx'] + [E(Zy)]?
< 2

Hence, we have
m(T)
> Jeov(Zo, Z;)] < Cm(T).
j=1

By taking m(T) = h~%#, we have

2 lcov(Zo, Z;)| = O(h~2/%) = o(h™?)

for 8 > 2. This completes the proof.

Remark: The asymptotic variance of g(x) is the same as that under the i.i.d. assump-
tion on {X;}.

Question: Why?

Intuition [Hart (1996)]. Suppose the kernel K(-) has support on [—1,1]. Then the
kernel density estimator at the point x uses only the local data points with the local
interval [x — h,x + h|. The observations whose values fall into this local interval are
generally far away from each other in time. Thus, although the data {X;}Z, in the
original sequence can be highly correlated, the dependence for the new series in the
local interval around x can be much weaker. As a result, the local data look like those
from an independent sample. Hence, one would expect that the asymptotic variance of
the kernel density estimator is the same as that for the independent observations when
certain mixing conditions are imposed.

References : Kernel estimation in time series: Robinson (1983, Journal of Time Series
Analysis), Fan and Yao (2003, Nonlinear Time series)

Question: How to estimate §(z) using real data?

Applications of Density Estimation in Economics and Finance
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Ait-Sahalia (1996, Review of Financial Studies): Use the kernel-based marginal
density estimator g(x) to test the adequacy of a diffusion model.

Gallant and Tauchen (1996, Econometric Theory): Use the Hermite polynomial-
based estimator for the conditional pdf of X; given I;_; to estimate continuous-time
models efficiently.

Hong and Li (2905, Review of Financial Studies): Use the kernel-based joint den-
sity estimator f;(x,y) to test the adequacy of continuous-time models.

Hong and White (2005, Econometrica): use the kernel-based joint density esti-
mator f;(x,y) to construct a nonparametric entropy-density measure for serial
dependence with a well-defined asymptotic distribution.

Su and White (2003, Working paper): Test for general Granger causality by check-
ing whether

J( X[ Xioa, oo, Xoop) = F(Xe[ X, oo, Xoop, Vi, o, Vi),

where the conditional pdfs are estimated using the kernel method.

de Matos, J.A. and M. Fernandes (2001, Working paper): How to test the Markov
property for a time series process?

F(Xe| 1) = f(Xi| Xi1)

Compare two kernel estimators for the conditional pdfs

S( X, Xom1, X))
f( X1, Xij)

J(X| X1, X)) =

and
f(Xe, Xio1)

f(Xi1)

How to check whether a stationary time series {X;} is a Markovian process? This

f(Xi]Xi1) =

requires to check whether

f(Xe =2l 1) = f(X; = 2] X)),

where I, 1 = {Xy, X;_1,..., }. Question: Why is this important?

Remark: Most continuous-time diffusion models are Markovian processes.

Lemma: Put f(x|y) = f(X; = z|X;_1 = y). Define

Xt
Zy = [ Xir)de = Fy(Xy),

—00
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where Fy(z) = P(X; < x| X;_4). If {X;} is Markovian, then
{Z;} ~ i.4.d.U[0,1].
A potential Nonparametric Test:

Construct a nonparametric density estimator

£ o f(x>y)
where
. 1 T
flzy) = m;Kh,(qut>Kh(y7Xt—l>a
1 T
Iy) = T > Ky, Xo).
t=1
Define
A Xt ~
Zt - f([L’lXt_1>dZL’

Then one can check if {Zt} is approximately i.i.d.

We need to construct a test statistic and derive its asymptotic distribution. A related
work is Hong and Li (2005). Note that it is important to deal with the possible impact
of the sampling variation in f(-).

3 Nonparametric Regression Estimation

Question: How to estimate a regression function £(Y;|X;) using the sample {Y;, X;}7_,?
Examples of Regression Functions
Example 1: The autoregression function

ri(Xej) = BE(Xi| Xij).

We can write
Xt = Tj(Xt—j> + Et,

where E(g:|X:—;) =0 as.
Example 2: The conditional variance
o3(x) = var(Xy| X, ;) = E(X7|X,—5) — [E(X:| X, )]

J
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Example 3: The conditional distribution function

Fi(x) = P(X;<z|l4)
E (X, < x)|]-1],

where [;_; is an information set available at time ¢t — 1. If we assume that {X;} is a
Markovian process. Then

Fi(z) = E[1(X: < 2)|X;-1]
This is the regression function of 1(X; < x) on X, ;.
Example 4: The conditional characteristic function

o, (u) = E [exp(iuXy)|I;_1] -
If we assume that {X;} is a Markovian process. Then

o, (u) = F lexp(iuXy)|X;_1] .

This is the regression function of exp(iuX;) on X; ;.

3.1 Kernel Regression Estimation
Assumption: Suppose {Y;, X[}’ is an i.i.d. sequence such that r(z) = E(Y;|X; = x)

exists and r(x) is twice continuously differentiable.

Remark: We will relax the i.i.d. assumption to a dependent time series process at a
later stage. In fact, to allow some mild serial dependence (e.g.., a-mixing) in {Y;, X[}
will not affect the asymptotic results derived under the i.i.d. assumption.

Question: How to estimate r(x)?

We can always write
K = T<Xt) + Et,

where E(g;|X;) = 0 a.s. and var(g;|X;) = 0?(X;) a.s. Note that we allow for conditional
heteroskedasticity.

Define the so-called Nadaraya-Watson estimator

where



and, as before,
T

§x) =T Kz - X))

t=1
is the kernel estimator for density g(x).

Alternatively, we can write
72(‘/1:) = Z Wt}/}/u

where the weighting function

satisfies

Geometric Interpretation:
Suppose the uniform kernel K'(u) = 31(|u| < 1) is used. Then

Y (X — x| < h)
= the average of the Y; whose corresponding X,’s fall into the interval [x — h,z + h]

= the local sample mean.

Remark: More generally, we can assign different weights to different observations ac-

cording to their distances to the location . This will make sense because the observations
closer to = will contain more information about r(x). The use of K (-) is to assign different
weights for observations.

Remark: Kernel regression is a special convolution filter used in engineering.
Question: How to derive the asymptotic MSE of #(z)?

Observe
72(1,) . T(l’) m(:n) B T(.I)g(.%‘)

Eg(x)
+ higher order term.

26



Here the second term is of a higher order term because §(x) — Eg(z) —? 0 and Eg(z) —
x) f_ll K(u)du > 0.

Remark: It can be shown that the second term is of a higher order term that vanishes
faster than the first term (question: how?). As a consequence, the convergence rate of
7(z) to r(x) is determined by the first term, which is the dominant term.

We first consider the numerator

2
=

|
=

&
S—
>
—~
=

I
N
7~

[Ye = (@) Kn(z — X4)

o~
I

\_/,_.

X + 8t)

1
= —Z n(r — Xy)

t=1

T
Z (X}) — 7(2)] Kp(z — X,)

—
o
Z.
=

OS]

=
Il
<

—

~

= V(x)—i—B(a:), say,

= variance component + bias component.
For the variance component, we have

Y e Ku(x - Xt)]

t=1

> ez — Xt)]

t=1

= T72E

T
= T E[g]K;(z — X,)] (by independence, and E(g|X;) = 0)

— 7B 2K (e — X))
— TR [P(X) KR - X)] (by BEIX,) = 0%(X.)

- 7! /ab HK (w ; y>]202($+hu)g(x+hu)dy

~ @) [ K@l o),

by change of variable, and the continuity of o2(-)g(-), where o?(z) = E(e|X; = z) is
the conditional variance of ¢; or Y; given X; = .
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On the other hand, for the denominator, we have

Eg(x) = E[Ku(z—X)]

= /blK (x - y) g(y)dy

o h
e / K (wdu = g

if [ K(u)du=1.1It follows that

V(r)
Ej(x)

1o

= *(x) [ 2(w)du 0
E - T /1K( Jdu [1 + o(1)]

Remark: The variance of #(x) is proportional to (T'h)~!, where T'h is the approximate
(effective) sample size of the observations in the interval [z — h,x + h]. The variance
of #(x) is also proportional to 0(z) and to [*, K?(u)du. Thus, the use of a downward
weighting kernel K(-) will reduce the variance of 7(x) as opposed to the use of the
uniform kernel. In other words, it improves the efficiency of the estimator when one
discounts observations away from the point x.

For the bias, we first write
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For all interior points « € [a + h,b — h], we have
EB(z) = E[r(X)Ky(z—X;)] —r(z)E[Ky(z — X})]

= /T’(Z)Kh(l‘ —2)g(2)dz — r(x) / Kp(z — 2)g(2)dz
(define m(z) = r(2)g(z))

_ /abm(z)Kh(x — 2)dz — () /g(Z)Kh(ac — 2)dz

(b—z)/h

= / m(z + hu) K (u)du
(a—2)/h

(b—=)/h
—r(z) / g(x 4+ hu) K (u)du
(a—z)/h

_ () /_ 11 K(u)du

+hi! (@) /_ kK (u)du

+%h2m"(x) /_ 1 u? K (u)du[l 4 o(1)]

—r(@)g(@) [ K(u)du

-1

—hr(x)g () /_1 uK (u)udu
~yr(g (@) [ K1+ o(1)

(given /_ 1luK(u)du ~ )

— %}ﬂ " (z) — r(z)g"(z)] / w? K (u)du[l + o(1)]
B %hQ[T”(rc)g(x) +2r'(2)g'()|Cx + o(h?),

where we have used the fact that

m"(z) = [r(z)g(z)]"
= [(@)g(x) +r(x)g'(2)]
= 7"(v)g(x) +2r'(2)g'(x) + r(x)g" (z)
It follows that
B | K[, 2@, o
B | = 7 [ e oot

where we have made use of the fact that
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Eg(z) = g(z) [ K(u)du = g(x)

-1
if f_ll K(u)du = 1.

Question: Do we have an asymptotically unbaised estimator if f_ll K(u)du # 1 (but
other conditions on K(-) are the same (i.e., f_ll K (u)udu = 0, f_ll K(u)udu = Ck)?

Answer: Yes, because we still have
. 1 !
EB(z) = §h2 (m"(z) — r(z)g" (z)] / uw? K (u)du[l + o(1)].
-1
Question: What happens to the bias EB(z) if z € [a, a+h) U(b—h, b]. Does EB(xz) — 0
as h — 07

Answer: Yes, we still have EB(z)/Eg(x) = O(h) for z in the boundary region (say,
x = 7h for 7 € [0, 1]). This is different from the kernel density estimator §(x). However,
it is slower than O(h?), the rate of the bias at the interior region.

Question: Why? This is because

EB(z) = [m(z) - r(z)g(x)] / K (u)du + O(h)
— O(h).

Remarks: The boundary correction techniques are still useful to reduce the bias
EB(z)/Eg(x) for x in the boundary regions. They can reduce the bias up to order
O(h?).

We now show B(z) — EB(x) is a higher order. Put
Zy = [r(Xy) —r(x)] Knp(x — Xy).

Then

T 2
S - )
=

= Z - F Zt )* by independence
()

1E{ Xi) —r(@) Kz — X,) }
CT'h[1 + o(1)] (why?)

IN

is a higher order term.
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It follows that
E[i(z) — r(z)§(z)]* = E(V + B)]?
E(V?) + E(B?
EV? + (EB)* + E(B — EB)?

Therefore, the asymptotic mean square error of 7(x) is

1 o%(z) hA [ () + 27 (2) g (2) ]
Thgw) T[T @
+o((Th)™ + h")

= O(T'h™' +hnY).

E[f(z) —r()]® = Ck

Remarks:
(i) The optimal choice of & is obtained by minimizing the MSE of #(x) :

Bt = C*T71/57

where
. [Dk o*(z)g(x)
Ok [r(x) + 20 (2) g (2)]?
Thus, the bandwidth & should be larger when the data is noisy (large o%(z)) and should
be small when the regression function r(z) is not smooth (large derivatives).
(i) The optimal choice of the kernel function: Like in the estimation of the probability
density function, it is still the Epanechnikov kernel

1
5
1
T 5.

C

K(u) = 2(1 —u?)1(jul < 1).

(iii) The choice of h is more important than the choice of K(-).

Question: How to estimate the derivatives of r(x), such as r'(z) and r”(z) by the kernel
method?

Answer: Use #/(z) and 7/(z), assuming that K (-) is twice continuously differentiable.
However, it may be noted that the optimal A that minimizes the MSE of 7(-) is not the
same as the optimal bandwidth A that minimizes the MSE of #(4)(.), where d = 1,2. A
larger bandwidth is needed to estimate the derivatives of r(x).
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3.2 Local Polynomial Estimator/Local Weighted Least Square
Estimator

Interpretation for the Nadaraya-Watson Estimator

Consider the problem
T
. N2
min Z(Yt T)
t=1
where 7 is a constant. The solution is the sample mean
T

We now consider the minimization problem

ﬂ |

T
@HZ(Y,: — 1)K (x — X),
t=1

where 7 is, again, a real-valued constant. The FOC is given by

T
ZY;—T VEKp(z—X;) = 0.
t=1

Z ViE(z—X,) = Y Kyz—X,)

t=1

It follows that

>
Il

ZtT:1 Vil (z — Xi)
23:1 Kp(z — X4)

()

9(x)

This is the so-called local constant estimator. Therefore, the kernel regression estimator
can be viewed as a locally weighted sample mean.

Question: Why only use a local constant? Why not use a local linear function? Or
more generally, why not use a local polynomial?

Question: Is there any gain by using a local polynomial estimator?
Local Polynomial Regression Estimator

References:
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Suppose z is a point in a small neighborhood of x, and r(z) is differentiable with
respect to z up to order p + 1 in this neighborhood. Then by a (p + 1)-order Taylor
series expansion, we have for all z in a neighborhood of =,

r(z) = Z ,lr(j)(:c)(z —z)

|
=0 7’
1
+(p " 1)'T(p+1)(j)(z — z)PH!
p .
= Zozj(z —z)’
j=0
1 (p+1) (= +1
( +1)|Tp (a:)(z—:v)p >
P !

1 .
a; = a4(z) = —r(j)(x), j=0,1,....p,

depends on x. This relationship suggests that one can use a local polynomial approxima-
tion model to fit the function r(z) in the neighborhood of z as long as the observations
in this neighborhood is “sufficiently rich”.

We thus consider the local minimization problem

T
min E
(e}
t=1

T

p

Y, — Zaj(Xt — x)J] Kp(z — Xy)

(}/;5 — Of/Zt)QKh(fL' — Xt);
1

t

where o = (o, a1, ...,a,)" and Z; = [1,(X; — 2),...,(X; — 2)P]. The resulting local
weighted least squares estimator

p
7(z) = Z &;(z — x)’ for 2 near z,

is the so-called local polynomial estimator of r(z) for z near z. In particular, éq is an
estimator for r(z), and v!a, is an estimator for 7®)(x) where 0 < v < p.

Question: Why?

The regression estimator at point x is then given by
p .
r(z) = Z&j(x —z) = dy.
§=0
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The derivative estimator of r*)(z) for z near the point x is given by
p .
P (2) = Zj(j —1)---(j—v+Daj(z —x)" for v < p.
j=v

Thus, we have the derivative estimator at point x
P (2) = vldy,.
We can obtain 7#(x) and #*)(z) for 1 < v < p simultaneously.

Remarks:

(i) Local polynomial smoothing is very convenient for estimating the V) (z) simul-
taneously.

(ii)) When p = 0, we have a local constant estimator, i.e., the Nadaraya-Watson
estimator.

(iii) To compute the local polynomial estimator, one has to choose p, h and K(-).
Often, a nonnegative kernel function K (-) is used, which corresponds to a second order
kernel function. The choices of (p,h) jointly determine the complexity of the local
polynomial model. The choice of h is more important than the choice of p. It has been
recommended that p = v + 1 if the interest is in estimating ) () for 0 < v < p. When
p =1, it is a local linear smoother. The choice of i can be based on data-driven methods
such as the cross-validation and the plug-in methods.

Matrix Expression

Put
Zy = [1,(X;—2),(X; — )% ..., (X; —2)?), a(p+1) x 1 regressor vector,
- X
W, = Kulz—X,)=h"'K (x - t) .
Then
T P 2
Z Y, — &](Xt—a:)]] Kp(z — Xy)
t=1 =0
T
= Y (Y- dZ)*W,
t=1
= (Y —-Za)W(Y — Za)
FOC:



It follows that

a(x)

(o}
Il

T -1

= (Zztwtzg) PIPAUAT
t=1 t=1

= (ZWZ) ' ZWY,

where W = diag(Wh,---,Wr) is a T x T diagonal matrix, Z is a T' X (p + 1) matrix,
and Y is a T' x 1 vector.

Remark: This is a local WLS (when K (-) has a bounded support on [—1, 1])!
Question: What is the advantage of using the local polynomial approximation?
Asymptotic Properties of Local Polynomial Smoothing

Suppose our interest is in estimating T(”)(:U), where 0 < v < p. Denote e, for the
(p+ 1) x 1 unit vector with 1 at the (v 4+ 1) position and zero elsewhere. Recalling
W, = Ky(x — X;) = h 'K|[(z — X;)/h], we define

T T
= (Xy—a) EKp(Xy—x) =) (X, — 2)'W,,
t=1

t=1

and let
VAL

T
= > ZW.Z
t=1

~

— (8 e ]
[ 0+

n»
|

be the (p + 1) x (p + 1) symmetric matrix, whose (i, j)th element is S;,; 5.
Then we have & = S~!Z'WY, and so

A~ /A
a, = e, |«

1
T
- Zeyﬂgq (Xt_$> % <Xth_x) Y:
=1 (X, — 2}




where the effective kernel Wy() is the multiplication of the kernel K'(-) with a polynomial
function

A 1
Wolw) = €y 87 L b, () 7 K 1)
6;+1§_1HP(U)h_1K(U)7

where H = diag(1,h,...,h*) and P(u) = (1,u,...,uP) is a (p + 1) x 1 vector of a p-th
order polynomial. Recall we will make change of variable v = (X; — x)/h.

Question: What properties does the effective kernel W, (u) have?

Lemma [Orthogonality]:

T R X, — 1
t=1

where 0, , = 1 if v = ¢ and 6, , = 0 otherwise.
Question: What is the intuition behind this orthonormality result?

Proof: Observing that (X; — z)? = Zje,41, we have

T
o X, —x N
> W, ( i - ) Zlegs = €,,,57" <Z ZtWtZ,g> €qr1
t=1

t=1
/
€ur1lprieet

= by

Now, let S be the (p + 1) x (p + 1) matrix whose (7, j)th element is 11, ; o, where
p; = [ w K(u)du. Then

S = /P(u)K(u)P(u)'du.
Define the equivalent kernel by

Ki(u) =€, ST P(u)K (u).

Lemma [Equivalent Kernel]: Suppose {Y;, X;} is a stationary a-mixing process with
a(j) < Cj=F for > 2. Suppose that the marginal density g(z) of X; is bounded on an
interval [a, b], and has a continuous derivative at point = € [a, ], and that K (-) satisfies
a Lipschitz condition. Then

A 1

W, (u) = WK:(U) 14 Op(ar)],
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where ar = [In(T)/Th]'/? 4 h. Moreover, the equivalent kernel K*(-) satisfies the follow-
ing moment condition

/ WK (u)du = 0,4, for 0 <wv,q <p.

—00

Remark: The lemma implies that

h
-t ET:K; (Xth_ x) Y;[1 + Op(ar)).

Thus, the local polynomial estimator works like a kernel regression estimator with a
known design density g(z). This explains why the local polynomial estimator adapts
to various design densities. In particular, it fits well even where ¢/'(z) is large. In the
regions where ¢'(x) is large, the standard Nadaraya-Watson kernel estimator cannot fit
well, due to large biases.

Proof: We first consider the denominator S = [S'Hj,g](i,j). Observe that

g, = S (T XY
(TW) 'S =T - Kp(z — Xy)
t=1

is like a kernel density estimator with the kernel function K (u) = u’ K (u). Therefore,
we have

(TH)~1S; = g(x)p; + Op(ar),

where O(h) in ar = [(h/T)?InT + h] is contributed by the bias term in a first order
Taylor series expansion. Recall H = diag(1, h, ..., h?). It follows that

T'HSH™ = g(z)S 1+ Op(ar)]

or equivalently R
S =Tg(x)HSH [1+ Op(ar)].

Substituting this expression into the definition of W, (u), we obtain

A 1
W,(u) = e'VHS_lHP(u)EK(u)

= ¢ {Tg(x)HSH} ™ HP(U)%K(U) [1+ Op(ar)]

(using e,  H™ " = h7"€, ;)
1 / -1
T Thrtig(a) (€157 P(w)K(w)] [1 + Op(ar)]
1 *
= WKV(U) [1 + OP(CLT)] 3
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where we have used the fact that e}, ., H = h€e], ;.
The properties for the equivalent kernel K*(u) can be shown in the same way as the
proof of the first Lemma. Observing u? = P(u)’e,+1, we have

/ WK (u)du = / K (u)uldu

= €. [S_I/P(U)K(U)P(u)’du €1
= €L+157156q+1

/
= Cpilprien

J

l/7q *

This completes the proof of the second lemma.
Question: What is the MSE of &7

We first write the v-th component of &,

A~ o T 2 Xt—[['
ay —Q, = ZWZ/ h Y;—CY,/
t=1

Yy = r(Xy)+¢e)

T T
o X, —x A X, —x
= ZW,,( th >€t+ ZWV< th )T(Xt)—av]
t=1 t=1
= V—i—B, say.

For the first term, using S = Tg(z) HSH[1 + O(ar)], which has been proven earlier, we
can write

T
A - ( Xy —x
Vo= YW, ( — > &
=1
= ¢ ST\ ZWe
(using S = Tg(x)HSH[1 +o(1)] and ¢/, ,H™ ' = h™")
1 /

—_— gtz 1
Th”g(m) €V+1S We [ + OP(CLT)] ,
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where we used e}, H' = h™"e,_,, and the fact that

E(Z’W&‘g WZ)

thZtKh Xt — Q?

t=1

[Z e 20K (X )]

= Z E [ 2K} (X, — x)Z;] (by E(ee]I;—1) = 0 or E(g,|X;) = 0)

= TE[ 27 KX, — x) 7]
T

= EUQ(x)g(x)HS*H

by the change of variable and the continuity of o2(-), where S* is the (p + 1) x (p + 1)
matrix with (i, j)-th element [ w7 ~?K?(u)du. Note that S* # S. For S, the (4, j)-th
element is [ w7 2K?(u)du.

It follows that the variance

Y 1 / —1r7—-1 ! / —1o—1 1
= —_— H "E(Z WeeWZ)H _—
avar (V) Th”g(:v)e’”“ls ( €€ ) S Thg(a)
1 o*(x)

= Th2u+1 mey+15715*5716y+1

1 @ *(u)?du
T Tht g(x) /K( )°d
— O(T_lh_QV_l).

Question: How to express €], 5~ 15*S e, 1 using the equivalent kernel K7 (-)?
Answer: Recall K (u) =€, P(u)K(u). We have

[Ecwran = [l PO K@K () P@)'S e, du
= e,.,95" [/P(U)K2(U)P(u)’du S7te, 1

_ / 1 o
= ¢, 5785 e, .

Question: How to compute the order of magnitude of the bias B?

t=1 h
"1 - X, —x
= 7T(])(I)ZWV < th ) (X, — z)]
j=1 J: t=1
1
_ 0
(@)




(Recall a,, = v!r™")(z).) Put the reminder

R(z, Xy) = r(Xy) — %r( )( WX — 7)
1 p+1) (= p+1
= b 1)!r( )<£L‘t)(Xt — )P

where 7, = AX; + (1 — M)z for some A in [0, 1]. Then using the expression v(X;) =
oo ( Xy — r)? + R(z, X;) and the orthogonality condition of W, (-), we have

T

. . (X, —
B = ZW,,( - m)R(x,Xt)
t=1

_ m;m <Xth‘“) R(z, X)) [1 + Oplar)]

= B[1+4 Op(ar)], say,

by Chebyshev’s inequality.
We now consider B. It can be shown that

509~ iy o (52 e e () e
= Op(ln(T)(Tf:)_l/Qh_”hp“)

which is a higher order term (Question: How to show this under the i.i.d. assumption?).
Thus, the bias is determined by

~ 1 d X, —z
EB = —EZK;( th )R(w,Xt)
1 X, — )\ r®t(2)
= ————F)Y K} X, — z)Pt!
Th*+g(x) Z ”( h ) (p+1)!( += %)

1 (X [T(pﬂ)(i’t) - T(p+1)($>] p+1
Tt 9(2) EZK ( h ) (p+1)! (=)

hp“ ro(a K* (u hu)uP du + O (WP
N ORTES] / g(x + hu)uP" du + O( )
— hp“ Lo () [ w2 (w)du + O+ )
kY (p—l—l)' v
(using Kj(u) = e, 57 P(u)K(u))
1 hptip p+1)(x) .

= g wnS OO0

where C'is a (p+ 1) x 1 vector with the i-th element [ wP™?~" K (u)du.
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Question: Why do we have f_ll uPT K (w)du = e, STIC7

Answer: Recall K}(u) =¢),,;S7"P(u)K (u), we have

1
/ up+1K;‘(u)

1

du = €

1
VHS_l/ WP P(u) K (u)du = €, ,S™'C.

1

It follows that the asymptotic MSE of &,

MSE(a,, )

Remarks:

(i) The local WLS can consistently estimate the Taylor series expansion coefficients:

(ii) By minimizing the MSE, the optimal convergence rate can be achieved by choos-

ing the bandwidth

The optimal bandwidth h* does not depend on the order of the derivative v. Of course,

1 o),

e
Th2+1 g(x) v+l
[hp+1ur(p+1)(x)} 2 y

S7185*S e,

TE] L 2SO0 S ey
2
L C) /K:(U)Qdu

Th2v+1 g(z)
r+) (2)1°
+h%pu_m{2p+§iq L/UFHAj@QdMQ

O(T71h721/71 +h2(p+171/))
OT *ht+hrY)ifp=1,v=0.

va, —P vla, = r) (x).

1
h* oc T 243,

the proportionality still depends on v.

(iii) The intuitive idea of local polynomial smoothing in economics can be dated back
to Nerlove (1966), where he use a piecewise linear regression to estimate a nonlinear
cost function for the electricity industry. Also see White (1980, International Economic

Review) for a related discussion.

Theorem [Asymptotic Normality] If » = O(T"/(*+3)) and r®*+1(z) is continuous,

then as T" — o0,

VTh |H(& — o) —

hP L) (1)

o*(x)

g9()

S_IC} —4 N (0, S‘lS*S_1> ,

(p+1)!
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where o = [r(z), ...,7®) () /p!)’. Therefore,

p+1-v,.(p+1)
/Th2,/+l |:f(y)(.flf) . ,r(y)(x) . h T (l’) /Up+1K:(U)dU:|

(p+1)!

— 4N (O,M/sz(u)du>.

g(z)

Boundary Behavior of the Local Polynomial Estimator

Question: The above results hold for x in the interior region, i.e., x € [a + h,b — h].
What happens if z is in the boundary region?

For simplicity, we assume [a,b] = [0, 1] and consider a left boundary point x = 7h
for 7 € [0, 1]. Then following a reasoning analogous to what we have done above, we can
obtain

1 o%0)
Th2+1 ¢(0)

pp+1=v,(0+1) ()] 2
|: (p:_ 1)| ( ):| 6;/+1S7'_1C7—07,'S7'_16V+17

where S;, S* and C are defined in the same way as S, S* and C, with the lower bounds
of all integrals involved being changed from —oo to 7. For example, S, isa (p+1) X (p+1)
matrix, with (7, j)-th element equal to

MSE[f, (7h). a,(0)] = &)1 5758 e

pivsar = [ 0K (w)du

T

Interestingly, the biases of &, (x) are of the same order of magnitude no matter x
is in the interior region or in the boundary region of [a,b] = [0,1]. (Of course, the
proportionality does depend on the location of , namely 7). Thus, the local polynomial
estimator automatically adopts to the boundary region and does not suffer from the
boundary bias problem of the standard kernel method.

Question: What is the intuition behind this? Why does the local polynomial regression
estimator behave differently from the Nadaraya-Watson estimator? The latter has a bias
equal to O(h) in the boundary region.

Answer: The key is the joint use of the local intercept and local slope (for a local linear
smoother). The latter can handle asymmetric behaviors such as those in the boundary
regions.

Theorem [Asymptotic Normality] If » = O(T"/(+3)) and r®*+1(z) is continuous,

then as T' — o0,

hP (e (0)
(p+1)!

o*(0)
9(0)

VTh |Hlé(h) — a(0)] — 5;107} - N (0, 5;15:5;1) ,
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where a(0) = [r(0),...,7®(0)/p!]. Therefore,

hp+1—v7~(p+1)(0)

VTh2+t [M (th) — r®(0) — T

— 4N <o,% /_ 1 K;?T(u)du),

where K _(u) = e, S P(u) K (u).

T

1
/ up“K;T (u)du}

Proof: Similarly to the derivation of MSE for the local polynomial in the interior point.
Question: Why is the local polynomial estimator useful in economic applications?
Remarks:

(i) It avoids the boundary problem in regression estimation.

(ii) It has a smaller bias term for the regression estimator when the marginal density
f(z) of X; is a large derivative (i.e., when f’(x) is large), and consequently is more
efficient than traditional kernel estimators (the Nadaraya-Watson estimator).

Applications of Regression Smoothing in Economics and Finance:

e Ait-Sahalia and Lo (1998, Journal of Finance): Use a multivariate kernel-based
regression estimator to estimate the option pricing function

G, = G(Xt, Py, 1y, Tt,T)

— explriu(T — 1) / Y (P, X)) f; (Pr; T)dP,

where X; is the strike price at time ¢, P, is the price of the underlying asset at time
t, T is the length of maturity of the option, and r; 7 is the riskfree rate at time ¢
with maturity 7'

They then use
0?G,
J’X;
to obtain the risk neutral probability density estimator f *(P;), which contains rich
information about investor preferences and dynamics of data generating process.

= exp|—7r+(T — t)]f*(Pt)

e Ait-Sahalia (1996), Stanton (1997) and Chapman and Pearson (1999): Use non-
parametric kernel estimators 7(X;_1) to estimate E(X;|X;_1), where X, is the spot
interest rate, and investigate whether the the drift function p(X};) in the diffusion
model

dXt = ,LL(Xt)dt + O'(Xt)th,

is nonlinear.

43



Questions: What are potential topics for research in time series econometrics?

Example 1: Asset Pricing Models with Time-Varying [ coefficients:

Xit = ai<]t—1) + Bg(lt—l))\t + Eity = 1, ...,n,t = 1, ...,T,

where
E(eit|l;—1) =0 ass..

Constant beta vs. nonconstant beta? From the Euler equation,

Q; = ai(Lﬁ—l);
51 = Bi(Itfl)

are possibly time-varying coefficients. Suppose «; = «;(Z;) and 8, = 3,(Z;), where Z, is
some state variable or vector in I;_;. Then one can estimate «;(-) and 3,(-) by solving

the problem
n T

min Y > [Xiy — i(Z) — Bi(Z) M Ku(z — Z)

{Oéiﬁi} i=1 t=1

Question: What is the economic rationale that o and /3 are time-varying?
Reference: Kevin Wang (2002, Journal of Finance).

Example 2: Time-varying risk aversion parameter and risk premium puzzles.

Consider the problem

1}})&%{ Et Z BJU(CH_])
t ]:0

subject to the intertemporal budget constraint
Cy = P(Apy1 — Ay) <Y+ DA,

where C; is the consumption, A; is a financial asset, Y; is the labor income, D, is the
dividends on the asset, and P; is the price of asset.

The Euler equation for this problem is

U'(Cip1) Piy1 + Dy
E — 1l =0
t [ﬁ ( U'(Cy) B, 7
where is the gross return on the asset in percentage, SU'(Cyy1)/U'(C}) is the

intertemporal marginal rate of substitution, also called the stochastic discount factor.
The latter is the time-discounted risk attitude of the economic agent.

P 14+Dyy1
Py

Suppose the utility function of the economic agent is

Ctli’y - 1

U(C) ==

, for v > 0.
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This is the so-called Constant Relative Risk Aversion (CRRA) utility function. The
parameter ~ is a measure of the degree of risk aversion.

With the CRRA utility function, the Euler equation becomes

Cis1\ | [ Pu1+ Din
—_— | =1 =0.
o ( Cy ) ( By !

The unknown parameters $ and 7 can be estimated using the generalized method of
moments. The estimate for v is too small to justify the observed relatively large difference
between stock returns and bond returns. This creates a difficulty called “premium
puzzles”.

Ey

Question: What is the “risk premium puzzle”?

Answer: The risk premium puzzle exists because the excess of stock returns of stock
returns over returns on investments in bills or bonds is larger than can be explained
by standard models of “rational asset” prices. This was first proposed by Mehra and
Prescott (1985, “The Equity Premium Puzzle”, Journal of Monetary Economics 15,
145-161).

A possible solution: Assume both  and 7 are time-varying: 3, = §([;_1) and 7, =
v(I;-1), where I;_; is the information set. More specifically, we can assume (5, = $(Z;)
and v, = v(Z;), for some unknown smooth function 3(-) and ~(-), where Z;, € I, ; is a
state vector that is expected to affect both 5 and +. These time-varying functions can
reveal very useful information about how the risk attitude of the economic agent changes
with the state variable or vector Z;.

Question: How to estimate S(-) and ~(-)?

Recall that the Euler equation is a conditional mean specification (i.e., regression
analysis). Therefore, we can estimate ((-) and 7(-) using the local polynomial method:

T —(Xe) 2
. Cii1\ ! (Pt+1 + Dt+1) (1' — Xt)
X — ) -1| K
b thl [ﬁ (%) < C, ) P, "\ h

where 3(x) and 7(z) are some low-order polynomial estimators.

Example 3: Functional-Coefficient Regression Models for Nonlinear Time Series:

d
E(Xy|li1) = a;j(Xi—a) Xij.
j=1

Example 4: Volatility Smile and Correct Derivative Pricing.

Black-Scholes (1973) formula for the price of an European call option
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Assumptions:
(A1) dS; = pSidt + 0.5,dW;, where W, is the Brownian motion, and S; is the under-
lying stock price;
(A2) Frictionless and complete market (no transaction costs; short sales allowed);
(A3) Constant riskfree interest rate r.
(A4) European call option: payoff function

¢(S;) = max(S; — K, 0),
where K is the strike price.

Based on a no-arbitrage argument, the following European call option price can be
derived:
Te = So®(d) — Ke "' ®(d — o\/1),

where t =T — 74, and
In(Sy/Ke ") 1
d= —"——"+4 —0v/T.
o\t 2 VT
2

Volatility smile: o? = o0%(K;, S;, 1, 7¢,7;) is convex in strike price K; if the pricing

is incorrect. If the pricing formula is correct, then o2 is a constant function of strike

price K;. This is because o? depends only on the data generating process and should
not depend on the strike price in any manner.

Question: Is the concept of volatility smile well-defined when the distribution of the
underlying asset is non-Gaussian (i.e., not log-normal)?

4 Nonparametric Estimation of Time-Varying Para-
meter Models

Example 1 [Estimation of a Slow-Varying Time Trend Function]
Suppose a time series process

Y, = ft/T)+X,, t=1,..T,

where f(-) is a smooth but unknown time-trend function and {X;} is a stationary process
with E(X,) = 0.

Question: How to estimate the time trend function f(¢/7")7

We can separate the smooth trend from the noisy stochastic error with smoothing
techniques.

References:
Hall and Hart (1990),
Johnstone and Silverman (1997),
Robinson (1997)
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Suppose f(+) is continuously differentiable on [0,1] up to order p, and we are interested
in estimating the function f(to/7") at to. We consider the local polynomial smoothing

by solving the problem
’ t—1
()

x5

where a = (g, a1, ..., @),

Then the solution for « is

o
N
g
N
S
N
N——
g
N
S
=

= (ZW2) ' Zwy.

In particular, we have

by = €414,
where e,,1 is a p X 1 unit vector with the v 41 element being unity and all others being
zZero.

Question: What is the asymptotic properties of &, for 0 < v < p?

Put S = Z'WZ'. We first decompose

T
~ / H—1
Gy, —a, = €,.,5 E ZW X,y
t=1

T
- t
+€;+1S_1 E ZtWtf (T) — Yy

t=1

= V + B, sa
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For the first term, we have E(V) = 0 given E(X,) = 0, and

var (V) _— [ ST WX X WZS e,,+1]
— ¢ SZWE (X X)WZ8 e,

T
= ¢, 57! ZZZtth(t—s)Z;WS S7le,
Lt=1 s=1
(setting j = t—s)
rT-1 T
= ¢S Z W(j)ZZtWtZt/_th—j] S7eyia.
Lj=1-T t=1

By approximating the discrete sum with a continuous integral, we have

t—to) (t—t0> /1 ; .
— w K(u)du for 0 < j <2p—1
Thz( ) )R

as h — 0,Th — oo. It follows that

T H'SH™ = S[1+0(1)],

where S'is a (p+1) X (p+ 1) matrix with (7, j) element f_ll w72 K (u)du. Also, for each
given j, by approximating the discrete sum with a continuous integral, we have

m -\ L 1
t—to t—1to— t— 1o t— 1o m—+l 72
}: K K K
Th ( ) ( Th > ( Th > ( Th ) Hf_lu (u)du

as h — 0, Th — oo. Therefore, for any given j, we obtain

T
-t (Z ZtWtZt’_th_j> H™ ' =h71S*[1 +o(1)],
t=1

where S* is a (p + 1) X (p + 1) matrix with the (i, j) element being [ w7 2K?(u)du.
It follows that

var (V) = ﬁH 1g-1g*s—tg—1 LZ@OVU) [1+o(1)]
= # ;/+1S 1§57t €y+1 L;OO’Y(J') [1+0(1)].

Remark: Unlike the estimator for the regression function r(.X;), the asymptotic variance
of f(to/T) depends on the serial dependence in {Xt} In other words, whether {X;} is
i.i.d. has important impact on the variance of &, = f")(to/T).

Question: Why?
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Answer: The local polynomial estimator for f(¢y/7) is based on the observations in
the local interval [ty — hT,ty + hT|. These observations maintain the same pattern of
serial dependence as the original data. As a result, the estimator depends on the serial
dependence of {X,}.

Next, for the bias, using the Taylor series expansion

POl to (=10’ 1 ey £ (t—to
s =3 o (150) e ()

j=0

where ¢t = At + (1 — \)tg, we have
. R ¢
B = ¢,,S'Y ZW,f (T) —a,
t=1
T +1 F
1 R _ p
= —(p+ 1)‘e;+15’—1 ZZtWh (t Tt0> ft1) <%>
’ t=1
hPt1 . P t—to t
- - - - (p+1) [ ©
= e (1181 ) ZZtWh ( ) 10 <T>
iy poh ()

= SO o),

where C'is a (p+ 1) x 1 vector with the i-th element being f_ll uPT?7 K (u)du. Here, we
have used a continuous integral to approximate a discrete sum:

Thz (t_to) (t;hto) —>/11qu(u)du.

It follows that the MSE of &, is

. 1 I a1 ok am - ,
MSE(CYV,OZV) = W [61,+1S IS S 16V+1] [ E ’7(])]
2
) fletD) (o , -
+h2P =) —(p+§;) S 10]2

_I_O(T—lh—ZV—l + h?(p-&-l—u))‘
Asymptotic Distribution

Example 2 [Estimation of Locally Stationary Processes]

Question: How to model smooth time changes in a system such as an economic system?
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Y, = X/a+¢

We consider a locally stationary process

t
Y;g = XLfa (?) + &y, t= 1, ...,T,

where Y} is a scalar, X; is a (d+1) x 1 random vector, and «(t/T) is a (d+1) X 1 smooth
function of ¢.

Question: Why smooth changes?
Answer:

(i) Structral changes/breaks are rather a rule than an exception, due to advances in
technology, changes in preferences, and institutional changes in the economic system.

(ii) It takes time for economic agents to react to sudden shocks, because it takes time
for economic agents to collect information needed for making decisions, and it takes time
for markets to reach some consensus due to heterogeous beliefs.

(iii) Even if individual agents can respond immediately to sudden changes, the ag-
gregated economic variables (such as consumption) over many individuals will become
smooth.

Alfredo Marshall: Economic changes are evolutionary.
Question: How to estimate the changing coefficients a/(t/7")?

Remark: This model is potentially useful for macroeconomic applications and for long
time series data.

Put Z, = [1, %, o (t_to)p] , and
Qt =21 ® Xy
isa (d+1)(p+1) x 1 vector. Then we consider

d 2
PSS O‘Qtht] =

t=1 j=0

d
Vo= a4 X

j=0

]~

t=1

Y, — o/ (Z ® Xo))*

] =

~~
Il

1

[Yt - a/Qt]2 )

]~

1

o~
I

where o = (ag, al, ..., ;) is a (d+ 1)(p + 1) x 1 vector, a; is a d x 1 coefficient vector
for (*72)7X,.
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The local polynomial estimator

T -1
i = Z@m@l > QWY
| t=1 t=1

T
= Z Zy @ XWX, ® Z,

| t=1

> 7@ XWhY,.

t=1

The estimator for a(ty/T) is then given by
@0 = (Id X €y+1)/66.

By plotting the &g as a function of ¢j, we can examine whether the coefficient a is
time-varying.

5 Nonparametric Kernel Method in
Frequency Domain

Questions: Given {X;}7_,,
e How to estimate the power spectrum h(w) of {X;}?

e How to estimate the bispectrum b(wq,ws) of {X;}?

e How to estimate the generalized spectrum f(w,u,v) of {X;}?

5.1 Periodogram and Motivation

Parametric Approach

For simplicity of analysis, we assume p = E(X;) = 0 and we know it. Then the
sample autocovariance function

T
YG) =T > X Xeyy,  j=0%1,.,£(T - 1)

t=[j]+1

(If 1 is unknown, we should use the sample autocovariance function

A =T Y (X = X)Xy = X),

t=|[j]+1

where X is the sample mean. The asymptotic analysis is a bit more tedious but the
same results can be obtained.)
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Recall the power spectral density
1 - N\ —ijw
h(w) > e

2m
j=—00

For a white noise(0, 0?) process, the spectral density

1

h(w) = 5-(0),

where v(0) = var(X;). A spectral estimator is

~ 1

h(w) = 5-3(0).

For an MA(1) process, the spectral density
M) = 5-9(0) + (1) cos(e)
w)=— — cos(w).
27‘-7 Wﬁy

A spectral estimator is

() = 5-3(0) + 24(1) cos(w).

For an ARMA(p, q) process, the spectral density

.. 2
0'2 1+ E?:l 9]-6_”“’
hw) = —— |[—< —
2m |1 i eV
A spectral estimator is
ey e
h(w) = — ;_ -
2r |1 — L e

where (0;, ;) are parameter estimators, and

where

p q
= Xo= D0 Xi =Y b,
j=1

j=1
with & =0 if ¢t <O0.
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For a general linear process (or when we do not know what process X; is), we may
like to use the spectral density estimator

1 T—-1
h - 25\ p—tjw
(w) o A(5)e
j=1-T
T-1
1 2 1 A0\, —tjw
= 5 (0)4'; V(e
J=1
1 |« i
_ 1tw
T ZXte
t=1
= IT((,U).

Remark: I7(w) is the so-called periodogram of {X;}7_,. It is the squared modulus of
the discrete Fourier transform of data {X;}7_,. Please check that the last equality holds.

Remark: Unfortunately, this estimator is not consistent for h(w). Why?
For example, consider the simplest case when {X;} is i.i.d. Then we have h(w) =

%7(0), and

Bh(w) = 5-7(0) = h(w)

so the bias Eh(w) — h(w) = 0 for all w € [—, 7).
On the other hand, under the i.i.d. condition, we have

ooV 0

It follows that

var[h(w)] = ——=var[5(0)]

Remark: The variance var[h(w)] never decays to 0.

Why? Too many estimated coefficients {5(j )};‘.F:_Ol! There are T' estimated coefficients.
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Alternative Explanation: Integrated MSE (IMSE)

IMSE(h,h)
h(w

+/ﬂ Eﬁ(w)—h(w)rdw

= Variance + Bias®
-1

1
_ E L A A7 \12
e () — EA()]
L J=1-T
| S0 -2+ 5= 3570
|J|<T \J\>T

by orthogonality of exponentlal bases {€7“}, or the so-called Parseval’s identity.
Note that E4(j) = T3 il B X)) = (1 = [4]/T)v(j), so we have the bias

square
D IBAG) =) = ) (/1)) — 0
l7l<T l7l<T

if 3270 . 7(j) < oo. Next, we have for the last term >=, ;7 7*(j) — 0 as T' — oo.
What is the variance?

T-1 T-1

E[{G) - BAG)? = ) var[y(j)]

j=1-T j=1-T
= 0().

because E[Y(j) — E4(j)]* = CT~! under certain regularity conditions, for some C' > 0.

Remark: The variance of the periodogram Ir(w) does not vanish.

5.2 Kernel Spectral Estimation

Question: What is a solution to the inconsistency of the periodogram fT(w)?
Truncation

In response to the fact that the periodogram is not consistent for h(w) because it
contains “too many” estimated parameters, one can consider a truncated spectral density
estimator,

) = 52 YA, welomal



where p — oo, p/T — 0.

Remark: The truncated spectral density estimator was used by Hansen (1980) and
White and Domowitz (1984) to estimate the asymptotic variance-covariance matrix of
some econometric estimator (e.g., GMM, OLS), which is proportiomal to the spectral
density of certain time series process at frequency zero. However, such an estimator
may not be positive semi-definite in finite samples. This may cause some trouble in
application.

We can use a weighted estimator. Consider

() = 5= D KG/pKG)e .

Jj==p
where k(-) is a kernel function or lag window. An example is the Bartlett kernel
k(z) = (1= [2D)1(]2] < 1).

where 1(e) is the indicator function. This is used in Newey and West (1987). The
Bartlett kernel-based spectral density estimator at frequency zero is always positive
semi-definite.

Remark: This is used in the so-called Newey-West (1987, Econometrica, 1994, Review
of Economic Studies) variance-covariance estimator.

Question: What is the advantage of introducing the kernel function k(-)?
Answer: This reduces the variance of h(w).

Intuition: For a weakly stationary process with square-summable autocovariances,
serial correlation decays to zero as lag j increases. This is consistent with the stylized
fact that the remote past events have smaller impact on the current economic systems
and financial markets than the recent events. Given this, it makes sense to discount
higher order lags, namely to discount remote past events.

More generally, we can consider

T-1

hw) = 5= 3 KGMAGES,  we -l

where k(-) is allowed to have unbounded support, so that all 7'—1 sample autocovariances
are used in spectral estimation. An example is the Daniel kernel
k(z) = sm(wz)) z€eR.

T2

As will seen below, the optimal kernel that minimizes the MSE of the kernel spectral
density estimator h(w) also has unbounded support (see the Qaudratic-Spectral kernel
below).
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Remark: Now p is no longer a lag order but a smoothing parameter.

Assumption on k(-) : The kernel function k(-) is a symmetric function that is con-
tinuous at all but a finite number of points, such that (i) |k(z)| < 1, (i) k(0) = 1,(iii)
[ k*(2)dz < 0o, and (iv) there exists a positive real number ¢ such that

0<qulimM

T

Remark: For the Bartlett kernel, ¢ = 1. For the Daniell kernel, ¢ = 2.

Examples of k(-):

1. Bartlett kernel
k(2) = (1 —[2])1(]z] < 1).

Its Fourier transform

2. Daniell kernel

Its Fourier transform

K(u) = %1(]1;\ <.

3. Parzen kernel

1—62246|z)* |2| <12
k(z) = 2(1 - |z\)3 % <zl < 1.
0 otherwise.

Its Fourier transform

2 [’

K@) =¢. u/4

4. Quadratic-Spectral kernel (Priestley)

k(2) = (Wi)2 [S“;:Z —cos(wz)} |
Its Fourier transform
K () = (1 — (u/m)1(Ju| < 7).

" 4r
5. Truncated kernel
k(z) =1(]z] <1).

Its Fourier transform )
1sinu

K(u) =

T U
Remark: The kernel function k(-) used for spectral density estimation is the Fourier
transform of a kernel function K(-) used in probability density/regression function esti-
mation.
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5.3 Consistency of Kernel Spectral Estimators

Question: Why is the kernel spectral estimator /(w) consistent for h(w)?

We consider the integrated MSE criterion

[MSE(h,h) = E / " iw) = hw)

T 2
+ / Eh(w)—h(w)‘ dw
= Variance + Bias®

We first consider the bias of h(w).
Given BA(j) = (1 — |jl/T)1(j), we have

Bhw) = h(w) = 3= D kG/DEA)e

—ijw

v(j)e

— D W) + o),

where o(p~9) is uniform in w € [—7, w]. Here, for the first term,

%. : k(3 /p) — 1~y (j)e
_ —pquqh(q)(w
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as p — oo, where, as defined earlier, k, = lim[1 — k(z)]/|2|?, and the function

1 - : -\, —ijw
=5- S ilG)e™, we [-m, ],

j=—o0

is called the g-th order generalized derivative of h(w). Note that h(?(w) differs from the
usual derivative. When ¢ is even, we have

BO(w) = —= L ).

q! dw?
Note that a spectral peak will arise wen 7(j) decays to zero slowly as the lag order
j — 00.
Next, we consider the second term of the bias. For the second term, we have

ﬂ

T-1

, 1
Jw < -
Z G/ ilGe™| < o 5117 (7)
j=1— j=1-T
= O(T™)
if Z] 1o 3 ()] < oo
Similarly, the last term
> vGe < > )
31>T li[>T
T-1
< T lilhO)
li[>T
= o(T™h

given 7, [j] o [1(j)| < oo, which implies 35, |il |1 (j)] — 0 as T — oo,

Thus, suppose T~! = o(p~?), which can be satisfied by choosing a suitable bandwidth

p, we have
Eh(w) — h(w) = —p~"k,h'? (w) + o(p™)

and

/ ’ [Bi(w) — h(w)] du

—T

— p‘qu‘g/[h(q)(w)]de+0(p_2q)
= P S ) + o).

]_700
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Remarks:

(i) If (9 (w) > 0, then the bias is always negative. In other words, the kernel method
always underestimate spectral peaks.

(ii) There is no boundary bias problem, because h(-) is a symmetric periodic function.

Next, for the variance of h(w), we have

Here, we have used the identity (see Priestley, 1981, p.) that

var[§(j)

Y [I_W] [V (m) +v(m+ j)y(m = 5) + ka(m, j,m + 5)]

where r4(i, 7, k) is called the fourth order cumulant of the process {X;}, defined as
Ka(i, Jy k) = B(Xe Xy i X Xor) — E(XtXt-i-iXt—i-th-i-k)

where {X,} is a Gaussian process with the same mean and covariance as { X, }. It follows
that

1 T-1
) k*(j/p)var[y(j)]
]:17T
-1 T—j—1
1 _ Im| +J
— o5 X RUIT [1— 2o
j=1-T m=1—(T—j)
T-1 T—j— - -
1 Im| +J
& (j/p)T~ Z L= = 1(m+ j)y(m = j)
j=1-T m=1—(T—j) - -
T-1 —7—1 .
1 Im| +j
+% (j/p) 1 T (m, j,m+ j)
j=1-T m=1—(T—j) -
= Vi+Vo+ Vi,



where

=

m=—o0 j=1-T

Vo= %% 3 ﬂm)[ ) k?(j/m]
P
T

/7r h?(w)dw /_00 k*(2)dz[1 + o(1)],

-7 o0

Tl <7 3 OIS him) = o)

j=—00 m=—00

if Y |y(m)| < oo, and finally, for the last term,

Tl < > S Y Imaling k)l =0,

j=—00l=—00 k=—00

It follows that the IMSE

IMSE(h,h) = B/W h?(w)dw /OO k2(2)dz

= o0

= LS [ Pee

j=—o0 —o0

1

—2q1.2 12 2/ -
kG Z 131792 ()
+o(T 'p+p %)

= O(p/T +p~*).

Remark :
(i) h(w) is consistent for h(w) for any w € [—m, 7| if p/T — 0,p — oc.
(ii) The optimal bandwidth

2qk7  [[h\9(w)]%dw %
Do = T2
[ kdz [ h?(w)dw

1
= col'2+1,

1
+1

With this rate for p, the optimal convergence rate for h(w) is IMSE(h, h) Tt
This optimal bandwidth is unknown. Again, the plug-in method can be used.
(iii) The optimal kernel is the Quadratic-Spectral kernel

z  [sin(7z)

k(z) = ST cos(mz)
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Note that the Fourier transform of the QS kernel is the Epanechnikov kernel

K(u) = 417T [1 - (:)1 1(ju] < 7).

Question: What is the relationship between K (u) and k(z)? They are Fourier trans-
forms of each other:

K(u) = i ook(z) —iE

k(z) = / K (u)e™du.

i) k(0) =1 is equivalent to [°° K (u)du = 1.

i) [T k*(2)dz =2m [7 K*(u)du. (How to prove this?)

iii) When ¢ = 2, ko = lim, g k(z = 1k” (0) = %f_woo WK (u)du
iv) k(z) symmetric, then K (u) is symmetric. So [7 uK (u)du = 0.

(
(
(
(

Question: Is there any equivalent expression for ﬁ(w) using K (u)?

Answer: Yes, recall

1 T—1
- k Ne W _
5 (4/p)Y , w € [-m, 7,
t=1-T

and the well-known result that the Fourier transform of the product between 4(j) and
k(j/p) is the convolution of their Fourier transforms, we can obtain

) = 5= S kDI

where h = p~', I()\) is the periodogram,
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which is the discrete Fourier transform of 4(j), and

We) = o= > k(/pe”

~ pK(pA),
which is the discrete Fourier transform of k(-).
Remark: The periodogram [ () is the discrete Fourier transform of the observed data.

Question: When
p Y Klp(A+2mj)] = pK(pA), A € [, 7]?
j=—00

Answer: When K (-) has bounded support on [—m, 7] and p is large (then the terms
with j # 0 will vanish).

Remark : p = h™!, the inverse of the bandwidth.

Remark : I()\) is a (discrete) Fourier transform of 4(j), and Wi ()) is the (discrete)
Fourier transform of k(j/p). The Fourier transform of the product between 4(j) and
k(j/p) is the convolution of their Fourier transforms.

Remark: Wr()\) plays a role of local weighting and smoothing.
Geometric interpretation of h(w) = I T(NpK [p(w — \)]dA:

Remark: Downward bias:

~

Eh(w) — h(w) = —p k7D (w) 4+ o(p~?).

This can be large when there is a spectral speak at frequency w. What is the alternative
estimation method?

Granger (1966): The typical spectral shape of most economic time series is that it has
a peak at frequency zero and then decays to zero as frequency increases.

Question: How to reduce the bias?

62



(i) Pre-whitening.
Tukey (1957), Andrews and Monahan (1992)

Consider an AR approximation:

Xy = Z¢th—j+Ut

Jj=1

Then {u;} will have weaker serial dependence and
w = U(L)X,.

ha(w) = [W(e™™)Phx (w).

Thus, ‘
hx(w) = [T(e™)[hy(w).

Remarks:

(i) We first run a prewhitening regression, and obtain {\il] iy

(ii) Then use the kernel method to estimate h,(w) using the prewhitening residual
{ts}. A ) A

(iii) Obtain h(w) = [¥(e~*)|~2h,(w). This is called "recoloring”.

The spectral density h,(w) is easier to estimate because it is “flatter” than h(w).

Remark: The bias is reduced substantially but the variance is increased at the same
time. As a consequence, MSE may be larger than that without using prewhitening.

(ii) Logarithmic transformation

Put A\, = 27k/T for k =0, ..., [£5]. This is the so-called Fourier frequency. Then

A

Ir(Ax) = f(AR)Vi + Ry,

where )

1
V= —
R oorT

T
§ €t€Zt)\k
t=1

is the periodogram of an innovation sequence {¢;}._,, and Ry is an asymptotically neg-
ligible term. For 0 < k < [£1].

(iii) Wavelet analysis

References:
Hardle, W., G. Kerkyacharian, D. Picard and A. Tsybakov (1998), Wavelets, Ap-
proximation and Statistical Applications, Lecture Notes in Statistics Volume 129.
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Hong, Y. and D. Kao (2004, Econometrica), Hong and Lee (2001, Econometric The-
ory), Lee and Hong (2001, Econometric Theory)

Question: How to estimate the generalized spectrum f(w,u,v)?

Kernel Method

T-1
; 1 ; ; A —ijw
flw,u,v) = 7 (1-— |j|/T)1/2/{3(j/p)O'j(u,U)€ Ul
j=1-T
where
&j (U, U) = @j(ua U) - @j(ua O)()AD] (07 U)a
and
Pj(u,v) = (T = [j])~ Z Xt Xy
t=|j]+1

is the empirical characteristic function of (X, X;_;).
Question: Why an additional factor (1 — |j|/7T)?

Answer: It is introduced to improve the finite sample performance because ij(u, v) is
based on the normalization 7" — |j| instead of T'.

Question: How to estimate the bispectrum b(wy,ws)?
T-1 T-

~

b(wr, w2) = k(U/p)K[( — 1)/p]C(0, j, 1)e' = i,

Question: How to find the variance and the bias of b(wy,ws)?

Answer: Suppose ky = lim 1_‘:"3&2) € (0,00). Then the bias
. 1k
B [blwn, wa)| = blwr,wa) = 5 D w) + 0G)

where o2 52 o
D2<W17WQ) = ((‘9@% — + 2) b(wl,wg).

Owi10wy  Ows
See Subba Rao and Gabr (1984) for the derivation of the bias.

For the variance,

var [l;(wl,wz)} = ——h(w1)h(wz)h(wr + ws) [1 +0(1)],

/ / E?(u)k*(v)k* (u — v)dudv.

See Brillinger and Rosenblatt (1967a) for the derivation of the variance.

where

Remark: b(wy,ws) is consistent for b(wy,ws) if p — 0o, p?/T — 0 as T — co.
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Exercise 6

1. What are the main advantages of nonparametric smoothing methods in time series
econometrics? Why has nonparametric methods become popular in the recent
years?

2. What is the boundary problem for the kernel smoothing method? How can one
alleviate this boundary problem?

3. What is the curse of dimensionality associated with nonparametric smoothing?

4. Why can the local linear smoother automatically solve for the boundary bias prob-
lem in nonparametric regression estimation?

5. Suppose {X;}Z_, is an i.i.d. random sample with a twice continuously differentiable
marginal density function ¢g(z) on support [a, b]. Define the kernel density estimator

1 T

i) = = D Ko — Xo)

t=1

where Kj,(r — X;) = ' K|[(x — X;)/h], K(-) is a standard kernel (usually called
second order kernel or positive kernel) with support on [—1,1] such that , and

h = h(T) — 0 is a bandwidth.
(a) For © € [a + h,b — h|, derive the asymptotic bias expression for Eg(x) — g(x).

(b) For x € [a+ h,b— h], derive the asymptotic variance expression for var(g(z)) =
Elg(x) — Eg(x)]*.

(c) Find the asymptotic expression for the mean squared error MSE E[§(z)—g(z)]?.
(d) Derive the optimal bandwidth h* that maximizes the asymptotic MSE of §(z).
(

e) What is the asymptotic MSE when evaluated at the optimal bandwidth h*.

6. Suppose K (-) is a higher order (g-th order) kernel such that fjl K(u)du =1, fj1 w K (u)du =
Ofor1 <j<gq-— 1,f_11qu(u)du = Ck(q) and f_ll K?(u)du = Dg. In addition,
assume that g(x) is ¢g-time continuously differentiable on [a, b]. Answer (a)—(e) in
Question #5 again.

7. In the setup of Question #5, further assume g(z) > € > 0 for some constant ¢ > 0.
Consider the asymptotic bias of §(z) for x = a + ph € [a,a + h] for p € [0,1).
(a) Show that sup,e( 444 [F9(z) — g(z)| never vanishes to zero as h — oo.

(b) There are several approaches to deal with the boundary bias problem in (a).
One simple way is to consider the following kernel estimator

T
. 1
g(x) = T ; Kiy(z, X3),

65



10.

where

WK (Z2) ) S gy K (w)du, it zel0,h),
Kp(z,y) =49 h'K (%Y), if x€lh,1—h),
K (52 ) [ K(w)du, it xe (1— R 1]

and K (-) is a standard kernel. This estimator differs from the estimator in Ques-
tion #5 in the boundary regions but not in the interior regions. Show that
SUPgela,a+h) ’Eg(fl?) - g(ﬂ?)| —0ash—0.

One method to deal with the boundary bias problem of kernel estimation is the
so-called reflection method. This method constructs the kernel density estimate
based on the “reflected” data {—X;}7_; and the original data {X;} ;. Suppose X,
has a twice-continuously differentiable marginal pdf g(x) with the support [a, b],
and z is a left boundary point in [a,a + h) and z > 0. Then the reflection method
uses an estimator

ZKh (x — X3) + ZKhx_ (X¢ —a))],

where Kj(z — X;) = h'K[(x — X})/h], K : [-1,1] — R" is a pre-specified
symmetric pdf with support [—1, 1] and A is the bandwidth. Find the bias Fg(z)—
g(z) for (a) « € [a,a+ h); (b) x € [ah,b— h].

Suppose a data generating process is given by
YV, =1+ X, —025X2 + ¢, t=1,..,T,

where {X,} ~ ii.d.U[0,2v/3], {g;} ~ i.i.d.N(0,1), and {X;} and {¢;} are mutually
independent.

(a) Generate a data {Y;, X;}L_, with T' = 200 using a random number generator on
a computer, and plot the sample point on the zy-plane, and plot the true regression
function r(z) = E(Y;|X; = x).

(b) Use a Nadaraya-Watson estimator to estimate the regression function r(X;) =
E(Y;|X;) on 100 equally spaced grid points on [0,2+v/3]. Use the quatic kernel
K(u) = $2(1 — |u|*)?1(Ju| < 1) and choose the bandwidth h = SxT~5, where
Sy is the sample standard deviation of {X;}L . Plot the estimator #(z) on the

xy-plane.
(c) Use a local linear estimator to estimate the regression function r(z) on 100

equally spaced grid points on [0,2v/3], with the same kernel K (-) and bandwidth
h as in part (b). Plot the estimator for r(x) on the xy-plane.

Again, in the setup of Question #1, further assume g(x) > € > 0 for some constant
e > 0. Consider the asymptotic bias of §(x) for x = a+ph € [a,a+h] for p € [0, 1).
Another method to deal with the boundary bias problem is to use the so-called
jackknife kernel method.
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(a) For x = a + ph € [a,a + h), we consider an estimator

g(w) = g(z; h) + Blg(z; h) — g(z; ah)],

where

glz:h) = —Zh 1K( Xt)
K(u)
WK<O’p)’

and wg (i, p) = fjp u'K (u)du for i = 0,1, 2.

Now define a new kernel (called jackknife kernel)

K/ (u) = (1+ B)K,(u) — gK

(=)

1))

where [ is the same as in g(z). Show that

b ()

(b) Find the expression for 3 in terms of wk (-, p) and a such that sup,e(, o41) [E(2)—
g(x)| = O(h?).

(¢) Suppose now z = b — ph € (b — h,b]. Can we use g(x) and get an asymptotic
bias of order O(h?). If yes, verify it; if not, derive an estimator so that you can
obtain an O(h?) bias for x € (b — h, b].
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EXERCISE 6

1. Suppose {X;}]_; is an i.i.d. random sample with a twice continuously differentiable
marginal density function ¢g(z) on support [a, b]. Define the kernel density estimator

l'—Xt

HMH

where Kj(x — X;) = h ™ *K[(z — X;)/h], K(-) is a standard kernel (usually called
second order kernel or positive kernel) with support on [—1,1] such that , and
h = h(T) — 0 is a bandwidth.

(a) For x € [a + h,b — h], derive the asymptotic bias expression for Fg(z) — g(z).
(b) For x € [a+ h,b— h], derive the asymptotic variance expression for var(g(z)) =
Elg(x) — Eg(x)]*.

(c) Find the asymptotic expression for the mean squared error MSE E[§(x)—g(z)]*.
(d) Derive the optimal bandwidth ~* that maximizes the asymptotic MSE of §(x).
(e) What is the asymptotic MSE when evaluated at the optimal bandwidth A*.

Suppose K (-) is a higher order (¢-th order) kernel such that [*, K (u)du = 1, [*, v/ K (u)du =

Ofor1 <j<gqg- 1,f_11 wIK(u)du = Ck(q) and f K?*(u)du = Dg. In addition,
assume that g(z) is g-time continuously dlfferentlable on [a b]. Answer (a)-(e) in
Question #1 again.

2

2. In the setup of Question #1, further assume g(z) > € > 0 for some constant ¢ > 0.
Consider the asymptotic bias of §(z) for x = a + ph € [a,a + h] for p € [0,1).

(a) Show that sup,c( 444 [E9(z) — g(z)| never vanishes to zero as h — ooc.

(b) There are several approaches to deal with the boundary bias problem in (a).
One simple way is to consider the following kernel estimator

g(x) = %ZKh(fE, Xi),

where
WK (52 S B (w)du, if z€[0,h),
Kp(z,y) =4 h'K (%Y), if zelh,1-h],
WK (22 ) U7 K (u)du, if ze(1—h,1]

and K(-) is a standard kernel. This estimator differs from the estimator in Ques-
tion #1 in the boundary regions but not in the interior regions. Show that
SUPge(a,a+h) ’Eg<$) - g(ZE’)’ —0ash—0.
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3. One method to deal with the boundary bias problem of kernel estimation is the
so-called reflection method. This method constructs the kernel density estimate
based on the “reflected” data {—X;}., and the original data {X;}’_,. Suppose X;
has a twice-continuously differentiable marginal pdf g(x) with the support [a, b],
and z is a left boundary point in [a,a + h) and x > 0. Then the reflection method
uses an estimator

Kn(z — Xy) + —(X; —a))l,

IIM’%
IIM’%

where Kp(zx — X;) = h_lK[(x — Xy)/h], K : [-1,1] — R" is a pre-specified
symmetric pdf with support [—1, 1] and A is the bandwidth. Find the bias Eg(z)—
g(z) for (a) z € [a,a+ h); (b) x € [ah,b— h).

4. Suppose a data generating process is given by
Y, =1+ X, —025X7 + ¢, t=1,..,T,

where {X;} ~ i.i.d.U[0,2v/3], {g,} ~ i.i.d.N(0,1), and {X,} and {¢,} are mutually
independent.

(a) Generate a data {Y;, X;}L_, with T' = 200 using a random number generator on
a computer, and plot the sample point on the xy-plane, and plot the true regression
function r(z) = E(Y3| X = x).

(b) Use a Nadaraya-Watson estimator to estimate the regression function r(X;) =
E(Y;|X;) on 100 equally spaced grid points on [0,2+v/3]. Use the quatic kernel
K(u) = 3(1 — [u)?1(Ju| < 1) and choose the bandwidth h = SxT~5, where
Sx is the sample standard deviation of {X;}Z ;. Plot the estimator #(z) on the

xy-plane.

(c) Use a local linear estimator to estimate the regression function r(z) on 100
equally spaced grid points on [0,2+v/3], with the same kernel K (-) and bandwidth
h as in part (b). Plot the estimator for r(x) on the xy-plane.

5. 6. Again, in the setup of Question #1, further assume g(z) > € > 0 for some
constant € > 0. Consider the asymptotic bias of §(z) for x = a + ph € [a,a + h]
for p € [0,1). Another method to deal with the boundary bias problem is to use
the so-called jackknife kernel method.

(a) For © = a+ph € [a,a+h), we consider a g(x) = g(x; h)+ 5 [§(z; h) — §(z; ah)],
where

glz;h) = —Zh 1K( Xt)
M
wi (0, p)’

and wx (i, p) = f_lp uw' K (u)du for i = 0,1, 2.
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Now define a new kernel (called jackknife kernel)
u
K (u) = (1+ B)Ky(u) — ~Ke(~)

where (3 is the same as in g(z). Show that

T
_ _1 17T Q}'—Xt
g(az)—Ttglh Kp( - )

(b) Find the expression for 3 in terms of wg (-, p) and a such that sup,¢(, o44) [E(2)—
g(x)] = O(h?).

(c) Suppose now x = b — ph € (b — h,b]. Can we use g(z) and get an asymptotic
bias of order O(h?). If yes, verify it; if not, derive an estimator so that you can
obtain an O(h?) bias for x € (b — h, b].
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